Hopf bifurcation which produces oscillations is a very important phenomena in the theory and application of dynamical systems. Almost all works available about Hopf bifurcations are related to a non-degenerate focus or center. For the case of a degenerate focus or center, the study of the bifurcations becomes challenge. In this paper, we consider the bifurcation of limit cycles for a quartic near-Hamiltonian system by perturbing a nilpotent center. We take coefficients as parameters, then we can get six limit cycles.
Introduction
The so-called center problem for planar vector fields has been intensively and extensively studied over the last century, and it is also closely related to Hilbert's sixteenth problem [19] of which there exist very good surveys and results: [5] [6] [7] [8] [9] [10] 20, 22, [25] [26] [27] [28] 30] , etc. The center can be elementary or non-elementary in the sense that if the corresponding Jacobian matrix is nilpotent or not. When the center or focus is elementary, the bifurcations of limit cycles from the elementary singular point are related to Hopf bifurcations widely studied in dynamical systems.
If the singular point of the system is a non-saddle, nor nilpotent, the related Hopf bifurcations are elementary and the number of limit cycles and the corresponding bifurcations are characterized by the so-called Lyapunov coefficients [1, 13, 21] , etc. And the Hopf bifurcations from the elementary focus type of singularities have found broad and important applications in biology, chemistry and physics and engineering, see [3, 11, 18, 29] for examples. Yet for the bifurcation of limit cycles from a non-elementary center in a more general planar vector field, its intrinsic dynamics is still far away from understanding due to the complexity and technical difficulties in dealing with such bifurcations.
Then it was natural to restrict the study of the nilpotent center by assuming the system is a perturbation of a Hamiltonian system. Recent studies of the bifurcations of a nilpotent center started in [23] and [24] . In [4] the authors studied the cyclicity of period annuli of degenerate quadratic Hamiltonian systems with elliptic segment loops. And the Abelian integral was employed to carry out the studies. In this paper, we consider singularities of codimension more than two with nilpotent linear part in vector fields. By using the blowing-up technique, we find more limit cycles near the singularities than those in [24] .
Consider the following perturbed Hamiltonian system: ) if s is an odd (respectively even), k = max{p, q} and m = rp and n = rq with p and q coprime. They indicated that N(m, n, s) is the greatest lower bound for the number of limit cycles of system (1.1). In this paper, we find it is not the greatest lower bound for some quartic near-Hamiltonian systems.
A lower bound for the number of limit cycles
In this paper, we study a planar system of the forṁ
where In the following, we find the sufficient conditions for (2.1) to have two or one limit cycles. Let
By using integral formulas we can find that 
Note that 
Unfolding of the nilpotent center and perturbation
We make use of blowing-up technique. By means of the rescaling
then system (2.1) reduces tȯ
and x 1 , y 1 , t 1 are still denoted by x, y, t. Then system (3.1) becomeṡ There are two cases for system (3.3). Now we consider the second case. Without loss of generality, we assume b 10 = 1. Then system (3.3) becomeṡ 
where a is a vector parameter, N i > 0, i = 1, 2, and
For expression of M i (i = 1, 2) the straightforward computation gives 
In the following, we consider the stability of the homoclinic loops and the double homoclinic loop. Under a 1 = φ 1 (˜ , a 0 , a 2 , a 3 , a 4 , a 5 ) and a 2 = φ 2 (˜ , a 0 , a 3 ) , we have div(3.4)| (0,0) =˜ a 0 .
By [12, 15] , we know that if a 0 = 0 then the integral L * i (P x +Q y ) dt ≡ σ 1i (˜ ) converges finitely, and it holds that
The straightforward computing gives
(3.10)
For σ 11 = 0, using the implicit function theorem shows again that there exists a unique function
Under σ 11 = 0, we have σ 12 = 32 7 a 3 + O (˜ ). Let R 1 denote the first saddle value at (0, 0) of system (3.4). Under a 1 = φ 1 (˜ , a 0 , a 2 , a 3 , a 4 , a 5 ), a 2 = φ 2 (˜ , a 0 , a 3 ), a 0 = 0,  a 5 = φ 3 (˜ , a 3 ) , we have by [14] 
From [15, 17] we have
Next we consider the stability of singular points of system (3.4). Denote by
) the focus points of system (3.4), where
(3.12) Let m ⊃ (i, j) denote system (3.4) having m + i + j limit cycles, where m, i, j are the number of large limit cycles, limit cycles on the left plane, limit cycles on the right plane, respectively. 5 1, system (3.4) has six limit cycles. The distribution is 1 ⊃ (3, 2) . φ 1 (˜ , a 0 , a 2 , a 3 , a 4 , a 5 ) , then we have Fig. 3.2 ). Then keep a 1 fixed and let a 2 satisfy 0 < φ 2 − a 2 −a 0 φ 3 − a 5 1, then by d 2 < 0, L * 2 has broken and a small stable limit cycle has appeared inside L * 2 (see Fig. 3.3) . Finally, let a 1 satisfy 0 < a 1 − φ 1 φ 2 − a 2 −a 0 φ 3 − a 5 1, then L * 1 has broken and a small stable limit cycle has appeared inside L * 1 (see Fig. 3.4) . Therefore, system (3.4) has six limit cycles. This ends the proof. 2
In the following, we discuss the bifurcation of a large homoclinic loop. By (3.7) and (3. 
